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In preceding papers it was shown that in nonlinear spinor theory cross-sections of elementary
particle scattering processes can be calculated only if the state representations and their scalar
products are explicitly known. To obtain these quantities, functional quantum theory of the non-
linear spinor field was introduced+ In this paper it is demonstrated that the introduction of func-
tional scalar products in functional quantum theory is equivalent to impose restrictions to the
spinor field operator itself concerning its groundstate behaviour. Performing this, explicit state
representations of spinor field states as well as corresponding scalar products can be derived,
leading thus to functional quantum theories of the spinor field in dependence on the groundstate
model. It follows from these considerations that a spinor field quantum theory is in principle in-
complete, as long as no additional assumptions on the groundstate are made, which cannot be

derived from the general dynamics of the field.

Nonlinear spinor theory treated by Heisenberg
and coworkers is an approach to a unified micro-
scopic description of matter > 2, According to Hei-
senberg ® for such a description it is sufficient to
calculate the global observables i.e. the quantum
numbers of stationary states and the S-matrix.
Therefore, in nonlinear spinor theory at least these
global observables have to be derived. But this task
is not trivial. As the spinor field operators cannot
be identified with special free matter fields of con-
ventional quantum field theories the methods of
construction of observables provided by these
theories do not suffice to solve this task correctly
for the nonlinear spinor field. This has been
emphasized in 4~7. To remove this difficulty Stumpf
proposed a calculation program for the global ob-
servables 5 which led to the concept of functional
quantum theory 8. The essential point of this ap-
proach is a map of ordinary Hilbert space of quan-
tum field theory into a corresponding functional
Hilbert space, where the observables of interest have
to be calculated. In this paper we consider this map
for the case of nonlinear spinor theory in more
detail improving the discussion given in preceding
papers » 9. It will be shown that functional quantum

theory of the nonlinear spinor field is tightly con-
nected with explicit state representations of this
field and that the functional scalar products of state
functionals of the spinor field depend on the special
properties of the groundstate of the spinor field
quantum system. By this the physical meaning of
functional quantum theory becomes more trans-
parent as well as the practical calculations can be
improved. Especially it follows that the functional
scalar product introduced by definition in preceding
papers 7 can be justified under certain well defined
assumptions. Additionally the calculation technic
for more general scalar products will be discussed.
Summarizing the results obtained in this paper it
seems that the calculational program for global
observables can be performed either by postulating
functional scalar products or by imposing additional
conditions on the spinor field. As long as one can
make no statement about the field theoretic self-
consistency of these conditions, the functional quan-
tum theory of the nonlinear spinor field has to be
considered as an appropriate mathematical frame-
work for the global observable calculation program
of this theory.

1. Nonorthonormal Spinorial Base Sets

In functional quantum theory of the nonlinear spinor field the physical states are described by the

functionals

|TGha)) =3, i [ Tu (g 20 @) | D2y ... 1) ) diy . . . diz,
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with
T5(Zy s 2pla): =(0|T Py (zy)... ¥ (2a)]|a) (1.2)

ay an

where ¥,(x) are the Hermitean spinor field operators. The basic assumptions and definitions can
be found in7. These functionals define a map from ordinary Hilbert space of the spinor field H: = {| a
into the functional Hilbert space $: = {| X (j, @) )}. The expansion coefficients (1.2) of the state functional
(1.1) can be considered to be projections of |a) on the vectors

w{Zpee Zn|t =(0|T V(1) ... Poul2y) . (1.3)

As no other vectors are known which are appropriate for the description of states of the nonlinear spinor
field the set
{n(xl '“xn!a ZiEM4, 1 él—g n, 1 g n<g °°}

can be considered of being a natural base set of a linear metrical space in which H is embedded. Due to
the time ordering and the physical ground state (0|, the states (1.3) cannot expected to be orthonormal.
Defining the Hermitean conjugate

|20ee @n)nt = {2y 20 |)t =T P (2y)... Vo, (24)]0) (1.4)
one obtains therefore
w2y onoZn @ v oo Y= Gam(2p oo vy [ 81 v 2 ) (1.5)

where g, is unequal the unity operator, i. e. the set (1.3) is nonorthonormal. Nevertheless this set has
to be used for the explicit state representation of states |a) € H, giving

|a) =n§0fa,,(xl. ; .x;[a) |8y o 0BV A0y iy (1.6)

ay an

Then the scalar product between two states (b |, (a|eH can be written

(bla) = (n,)2 f'r,,(xl 2| D) 0u(@y ... 7y | @) diy...d%, (1.7)
with
Ty [y + 5 B | D) ® —,,(xl 2, | BY* =(b|zy... 7). (1.8)

Usually in spaces with nonorthonormal base vectors dual base systems are introduced. For the spinor field

we define them by the relations
ﬂl/ ﬂm, 1 P ’ ) 7
al{Zicetiy| 2 ooy )™ = 5an le( —1)?0g 6 (z;—23,)...06% O(x,—2,) - (1.9)

e an

Due to the scalar product (1.7) a state | b) resp. | a) can therefore be written
|b) Z fr,,(x1 x,, | b) le T ) Ay .. iz, (1.10)

and it follows from (1.9) and (1.6)

1

;'—on(xl...xnla) ="(2;...2,]a). (1.11)

Therefore, the set {6,(a) } resp. {7, (a)} can be considered of being the co- resp. contravariant compo-
nents of a state | @) which has been already recognized by Nishijimal® for the special case of a state
expansion on a spacelike hyperplane. An analogous procedure can be performed in functional space. De-
fining the dual functionals

|&(,a)): §_°nfo,,(iél...;:",,la)|D"(xl...x,,))d4x1...d4x,, (1.12)

an
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and observing the orthonormality relations !
ﬂl, ﬂm’ ¥ 7 1
(Dale.22) [ D" 7)) =P, (= D)7 850 ey =) e Dt —th) o i (113)

of the base functionals of ), one obtains immediately
(T(:0)[S(,a)) = (ba). (1.14)

So an isometric map of § into H is established. But this general map is only meaningful if one is able
to calculate the dual functionals (1.12). Under the very general assumptions made about the nonlinear
spinor field it is not possible to derive a functional equatxon for the direct calculation of the dual func-
tionals | ©(j, @) ). So the only way of obtaining | & (j, a)) consists in evaluating the relations between co-
and contravariant components which are establised in linear space theory by means of the metrical fun-
damental tensor g,,. Applying this to the embedding state space of H, one obtains
b, Bm , ,
(% oo s 2] ) zfg,,m(xl o |y lag,,, ) Ou(zy .. .20 | @) A% ... .d%, (1.15)
a, an m=0 an A -

a relation which has been also already derived by Nishijima 0 in the special case mentioned above. Equa-
tions (1.15) can be written equivalently

To(2y...2,] @) = z /(0 ] TP, (x)... Por(z)) T Vs (z).. lI’,gm(:cm')lO)

ﬂ‘ ﬂm
X (Zy + o T |@) A2y ... A%, 1Zn<oo. (1.16)

Assuming the completeness relation 3 |b) (b|=1 to be valid for the eigenstates of the spinor field, equa-
b

tions (1.16) are equal to

ﬁ‘ /}m
Tp(2y ... 25| @) = Z Z f'c,t(x1 xn[b) T * (@) oo T | D) Om(2y ...z |a) A, ... d%,,

ay an m= A -

=zbr"(x1...xn]b)(b[a) =T,(2y...7,]|a) . (1.17)
Therefore, by this procedure the system (1.16) can be reduced to an identity. But from this does not fol-
low that the system (1.16) is meaningless at all. It is meaningless only as long as no other method for cal-
culation of the kernel g,,, is available than that by substitution of intermediate states. Therefore, the first
task has to be, to derive an equation for g,, . This is not possible for g,,, itself, as this kernel is highly
reducible. In the following we discuss a suitable reduction procedure. Before doing this, we observe
that Eq. (1.17) can be written in functional space too. Defining the direct product of two state func-
tionals in functional space in the usual way, one may introduce the operator

CG):= 212G O TG0 (1.18)
Then Eq. (1.17) can be written
1T (j,a)) =C(j)|S(j,a)) . (1.19)
To remove reducibility from this equation we introduce the Normaltransform
| (jya)): = etiFi[ X (j,a) ) (1.20)
and define G(j): Z | D(j, b)) (D(j,b)] (1.21)

and |S(j,a))7: = e ¥l |S(j,a)) . (1.22)



H. Stumpf - Scalarproducts of Spinor Field Functionals 711

Then Eq. (1.19) goes over into
|®(j,a)) =6"(j) |S(j> a) )" (1.23)
Due to the definition of the Normaltransform (1.21) can be written

G'(j) =ﬂ% J(0]: Yo (zy)... ¥, (za): (1) .. ¥po(zn)):]0)

| Da(ms e 2)) (Dl nnt?) |dby... dizy dbay . . dizy (1.24)
and (1.14) goes over into
(2,0 |S(j,a) ) = (b]a). (1.25)
It follows from this consideration that an equivalent state representation can be given also by
g% =niz°ofo,,f(5£1...§,",[a) LREAEE A (1.26)
with
|21 zdni= W (@) Vo (1) :]0) (1.27)

and that the corresponding Normalfunctional (1.20) may be written

19G,a)) = 2 i [ 9u(zs.. 7] ) |D(y ... 7)) dizy...d%, (1.28)
with
@alty...2,]a) i = (0]: P (2y)... Por(22):]a) . (1.29)
Likewise the dual functional to (1.28) is given by
1©(j,a) )7: = zoiﬂfonf&l...“x",,]a) |D"(z, ... 7)) dzy...d4,. (1.30)

It has to be emphasized that the normalproduct of fieldoperators introduced by (1.24) resp. (1.27) rests
completely on the transformation (1.20), i.e. it has so far no independent meaning. Therefore, to re-
move reducibility additional assumptions have to be made. This will be done in Section 3. To understand
the meaning of these assumptions and to apply them for practical calculations still a further reduction
step has to be performed. This will be done in Section 2.

2. Reduction Procedures

The next step in the reduction procedure of Eq. (1.23) is the introduction of the socalled J)-transform.
This -transform was introduced first in ? by a spectral decomposition of the 7,-functions. Having thus ex-
plained its physical meaning, we introduce it by a general definition which does not depend on special
spectral decompositions. We introduce it by

n-

1 T r
mn(P1---Pn-1an=Ia)==fr1:II6(/),2:1%—%)}(?;1nqﬁ——np,—is)_l
XTu(gy - .- qn]a)digy...d4q, (2.1)
and by
- n n-1 T T
Ta(gy---qnla) =f5(sZ=1qs—pn)rf=Il(5glq1—pr) glnqﬂ—npr+i8)‘1
X (278) "2**2my, (py ... Pu-1|Pa=1c) d*ps...d%pn_1 (2.2)

o an-1 an
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where 7, is the Fourier-transform of 7, and n means a t1me11ke unitvector as is discussed in!2. By
mutual substitutions one proves easily the identities Tp =7, and m, = m,, i.e. the definitions (2.1) and
(2.2) are selfconsistent. The same definitions can be applied to the contravariant representation. This
gives

-

ay an-1 T - an ay
$u(Py- - Pu-t|Pn =1): —fH5 Zlqﬂ—pr)(glnqﬂ—npmtis)“ 0n(q1---qn| @) digy...dYg,  (2.3)

and

an

. @ n n-1 r r
On(q1°-°Qn]a) =f5(2 gs—Pn) I 6(2 q:—Pr) (an;?_npr_ig)_l
=1 r=1 pg=1 =1

X (2708) 22 5, (pyer.Pu-t|pn=1a) d'py...dipy_y. (2.4)
Substitution of (2.2) into (1.1) and (2.4) into (1.12) then gives
!cs(jaa)>=n§_:0infmn(pl Pn llpn—la)ld -Pn=la)>d4p1---d4pn—1 =:]EIR(].,“)) (2.5)
and
186:0)) = 3 7 fsa(pi--Bu-a | Pa=10) | &(pr. - pa=1o)) d8pr .. &8s (2.6)
with

r

Id ( Pn) fa(z gs—Pn) Ha Z 0, — pr) (anﬂ—npr+i8)_1

% (n1)% (2) ~36n+D) (27 7)36-30) 2-n+1 | D (g ... ) dbgy...dbqn  (27)

and a similar formula for the connection of | d”) with | D*). The scalarproduct of the |d,) and |d") can
be directly evaluated. One obtains by Fourier-transformation of (1.13)

(du(py---pn) | (py - pu))
n —1 r r
onfd g; ’I;Il (ﬂlpl—q,)(anﬂ—np,—ie)_l5“‘...5%: (2.8)
Xﬁl Z} 1)P5(qu—p,) Hé(Zq,g—nr (an;, np/ +ie) ! digy...d%,.

Now it can be proven that generally only the identical permutation Z;...4,=1...n gives a nonvanish-
ing contribution to integrals of the kind (2.8)1%. Performing a suitable transformation of the integration
variables according to 7 from (2.8) results

(du(py - --p:;)ld'”(ggf = -ﬂpm')) = (n)*(27) ~3-22-42 (2 i)2-2n

1

n-1
X 6:”6(1),,—[)",) r-1_£ 5(pr_pr/) (npr— npr,+2 ie) 105 ... 95 (2.9)
and one obtains with cai=(n!)4(2m) ~3n-2 2-2+2 (2 m)l-n

(TG, 0)|S(,a)) = (M, b)| B, a))
=znc,,a(pn—p,/)fmnX(pl...pn-llpn=1b)sn(z§1...5;’_1l£n=1a)d4p1...d4pn_1. (2.10)

Now the fourmomentum p, resp. p’, of m, resp. s, are for any n identical with the fourmomentum J,
resp. J, of the states |b) resp. |a). Therefore, (2.10) can be written
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(Z(,5) |S(ya)) =6Us—1) S cuf mu* (Dy--Pu-t|I) su(Py-v-paot|Is) dpy...dpu_y.  (211)

an-1 an

Thus having prepared the IN-transformation we can try to reduce by this procedure Equation (1.27). Be-
fore doing this we have to investigate the connection of the general J)i-transformation (2.1) with the spec-
tral decomposition given in”’. It reads

; n-1
g qal i) = 5 pS (1P M) () @)

an Pieooliyl Ayeeedn aa, ax,
n n-1 8 s
XO(pun— 2,99 [T 0 (2 P13, =P.) (2 nqs,—np,, +ie)™! (2.12)
s=17 521 p=1 A=1
with
M(pg.ooptn): = (0] 0 (0)| y) ovv (n-1] Per(0)| ) (2.13)

Substituting this decomposition into (2.1) it is easily seen that for continuous mass-spectra the structure
functions M,, are identical with m, . By this the physical interpretation of the Ji-transform is provided
and can be applied immediately to the solution of Equation (1.27). For this one has to observe that in
terms of the spectral decomposition (2.12) the transition from the time-ordered to Normalfunctionals is
effected by substitution instead of the unreduced summation 2 by the reduced summation 27 . De-

fining therefore the M-transform of | D (j,a) ) by Faeesfu-t HareeHust
|D(ya)) = | MG, a) )T (2.14)
and that of |S(j,a))" by |3(j,a))" the scalarproduct can be written
"M, b)|B(j.a) )" =(b]a) (2.15)

while Equation (1.27) reads
| M (@) ) =G () |3 Gra) ). (2.16)

Before discussing (2.16) in full generality, we consider a special case.

3. Generalized Free Field Bare Groundstate Model

As has been emphasized in preceding papers functional quantum theory can be regarded in principle to
be an independent selfconsistent quantum theory without connection to the corresponding field theory in
the background. Accepting this point of view the metric in functional space seems to allow some flexibility
which depends like in ordinary quantum theory upon the choice between possible inequivalent representa-
tions. These inequivalent representations are mainly induced by different groundstates of the theory. In
this section we discuss a simple groundstate model, which of course is inspired by field theoretic models.
We assume G’ (j) to be defined by a field configuration which contains only generalized free Fermi fields
and whereby the groundstate | 0) is a bare vacuumstate, i.e. a state with no particles or antiparticles
present. In this case we may write (1.24) in the form

G'(j) = %]Q(i,b))”(ﬁp(ﬁ b)] (3.1

where the subscript f means generalized free field states. Denoting the fourmomentum of the correspond-
ing particles by k and their spinquantum numbers by s these states are given by

| Y =|kysy...knsy) (3.2)

and the normalordered functional of (3.2) reads

| ®(j,8) ) = [ $ulgsenr gul Bysiee bnsy) | Dulgy-.. gn))diq;... d4g, (3.3)
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as only ¢, contributes for a n-particle state (3.2). For the explicit calculation of (3.3) the spectral de-
composition of the spinor field occuring in (1.24) has to be fixed. We assume it to be

V.(z):=[ o(m?) P.(z, m*) dm?. ~(34)

As has been shown by Stumpf and Scheerer 1! the spectral function ¢(m) can be extended to include not
only real physical particles with positive masses, but also tachyons with imaginary masses. In this general
case the support in momentum space covers completely the timelike as well as the spacelike regions. For
brevity we do not express this distinction explicitly. Evaluating scalarproducts one has only to observe the
indefiniteness of the tachyon states. By (3.4) the functionals (3.3) can be calculated. As ¢, = 7,, for the
generalized free field is valid, we obtain 3 with ¢ (m?) = o (k)

;,,’(qi...q,,lklsl...k,,s,,)
=3 (=123 (=D ()" e(ky) (fayy Gt 53+ - @ ad) foy (i s2,) (3.5)
1+ vhn 1 oeohn

n n n-1 s s s s
X (27)%+1im-16 (2 g5 — Zk [T6(Zau— 2f4,)(Zng,—2nq, +ie)?
§=1 $=1 f=1 B=1 B=1 A=1

s=1

where f,(k, s) are free Dirac spinors of spin s and fourmomentum k. Substitution of (3.5) into (2.1)
then gives

m, (py.+.Pn- 1]p,,_ Sk)=(n!)"" (2a)3+1jn-1 (274)n-1 (3.6)

ay @n-1

>< Z (—1)" TI__I 0 é: e — D) ( Z= nky, —np,+2ie) 1 o(ky,) fo, (K1, 51,) -« (K2, fan (Kia $2a)

leading to the IN-transform
| MGy ley sy hnsa))
=i" [ ma (py ... pa-1 ]Pn— S ) | da(py- Pt Pu= SH)) dpy ... dpa_s. (3.7)

an-1

Observing (3.1) Eq. (2.16) then can be written

|9ﬁ(j,a))’=n§0 . Zk|§)32(j,k1s1...kns,,))’ R, by 8y .- Fn8a) | BGa) ) (3.8)

g

where the summations run over all possible intermediate states of the generalized free fields in consider-
ation. The further evaluation of (3.8) depends on the properties of the spectral function o(m?) occuring
in the decomposition (3.4). We consider the case with

a) Continuous Spectrum of o (m?)

In this case the summation over intermediate states in (2.24) means an integration over the entire

Minkowski space. Written in detail Eq. (3.8) then reads

= nfmn pl pn 1 lpn—I) |d (Pl Pn=1)> d4P1"-d4Pn-1
=”Z=0i"fd4k1---d4kn2 mnf Pn lan"— Zk)ld (Pl Pn—zk)>dpl Pn 1
Xi"fm,,fx(};l. p,, 1|pn—2k ) (dy (pl...p,,~2k,)|d4p1.. p,, 1 (3.9)

X2 s () oo nct|pn’ =1) [d"' .p,,,"=1)) i T L S
m 71

Ym-1 Ym
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By substitution of (3.6) this equation can be evaluated directly by observing that only identical per-
mutations contribute to the integrals. Defining the spintensor

Qaﬂ(p) = g fa(ss P) fﬂ(sv P) 92(1’) (310)
and projecting with (d'| from the left one obtains with C,: = (n!)8(27)%" 4 (2m i)t "2 4n+4
m(ty ...t | 1) =08 (4)...08 (I—1,_q) sl’(tl...t;_llg) C. (3.11)
ay ap-1 ap 1 -1 13

Due to the completeness relations of real particle spinors and of tachyons, the indefinite metric of a
system is contained in the Dirac spinors themselves and not in the spectral function ¢(m?). Therefore,
without loosing the full generality of an indefinite state space we may assume o (m?) to be positive definite
about the whole range including tachyons. Then the reciprocal tensor ¢} (p) exists and (3.11) can be
inverted to give

31’(;1 t}g 1|g) o8 (t). ..o B T—ti_) mf (... ty-1| D) C72. (3.12)
By this follows from (1.14) and (2.15) ‘
(X(j, ) |S(j,a)) =6(Ip—1,) 3 (n!) 73 (27) ~5n+2 22n-2 (3.13)
n
XS my (py...pn-1|Ip) % 01 (py). .. 9‘1""*’"(1a—pn_1)mn'(p1 - Pa- 1|I ) d*py...d%n-1

i.e. the construction of a suitable scalar product is solved in terms of the J)i-transform. We consider
now the case with

B) Discrete Spectrum of o(m?)

In this case the formula (3.9) can be overtaken with the slight difference that instead of an integration
over d*k, ...d*, an integration over d3k...d3, and a summation over the discrete masses {;} has
to be performed. This corresponds to a spectral decomposition ¥, (z) =2 o(»?) ¥, (z, %%). The evalua-
tion of formula (3.9) then leads to #

-1
mi(ty.. . b_1]I)= z c,fd3z1 B2 T1 03 —t) (nz,—nt,—ie)™t (2mi)2-2 (3.14)
r=1

ay ai-1 o %

X 0t (21)... 08 (I—2-1) Hlé(ar—pr') (nz,—np/ +ie) 710 (z—1) Slr(ll;l" P11 lg) d'py ... d%pn-1.
r= 1 -1 4

Changing now the discrete summations over #, ...»; into integrations by introducing ¢-distributions of the

kind 0 (m?— ;) formula (3.14) can be integrated to give

my (¢ .. t-q|1)

ay a-1 @

=ob (t)...08 (I—t;_1)s/” (ty...t;-1|]) z ¢$(z1 —22)8,0...0(t2— 210 C; 2. (3.15)

1 1 B e
A solution of this equation is possible only on the mass-shell by writing

2 6(t12—%12). g .‘6(t12—%12) mlr(tl STaLs tl—lll)
Hyeooky

ay a-1 a4

e tol (). B Ut ) s/ (g ti_q|I) D 0(22—22)... 8(t2—%2) C; 2 (3.16)

1 Bt Bz
with &: =3(0) ~1. Then on the mass shell
si(ty.. - 1]1) =21l o7 (). 0B U—ti)) m/ (... 41| ]) G2 (3.17)

By Bir B ay a1 @
can be concluded. As in the following finally (3.17) is used only on mass shell, we may use for inter-
mediate steps (3.17) also off mass shell without loosing generality, i.e. we define an unobservable con-
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tinuation of s (#;...t;_1|I) in the off mass shell region. Then formula (3.13) reads

(Z(j,b) |S(j,a)) =0(Is—15) 2 &"(n!) 7% (27) ~5n+2 2n-2 (3.18)
Xfmnr(pl'“Pn-lllb)x Q—la’ﬂ‘ (Pl)-”Q_la"ﬂ"(I—Pn—l) mﬂr(gl'"§n~1]£a)d4pl---d4pn—1-

Expressing m,” in terms of the structure functions (2.13) we obtain for discrete spectra
n-1 e
my" (P« .Pa-1 | 1)) = Z ()M (Py2gee Prot#u-1 I a) Hl (Pro" Vo2 +p2 +ie) “1(2a), (3.19)
KyeooXm-1 r=

Now we consider the case leading to the function scalarproduct defined in 7. Identifying the masses #;
with the masses of the intermediate states occuring in the spectral decomposition of the structure functions

and assuming ¢(%?) =1, 1 £i< c by substitution of (3.19) into (3.18) with ¢ 0(ly—1,’) =4,, and
S(V"r2 o pr2 - (er’z + pr/2 +ieg) 571=vr' = 6:«»«,’

we obtain finally

(Z(j,b)|S(j,a)) =(bla)= 2 (2x)%*+227-2 (27 i)"-1 (3.20)
XO(Jo—Ja) Onara (R1) 7LD [ My* P32ty e Pro1%n-1|0) Muy(Dy2g .o Pn1%5-1]|a) B3py...dpy1.

By comparison with the physical functional scalar product defined in7 and evaluated in!* we obtain
therefore the identity

(X(,5)|&(j,0) )= (T, b) [T(j, a) . (3.21)

Thus it follows that the physical scalar product postulated in previous papers can be derived by making
suitable assumptions about the groundstate behaviour of the field. From this one can conclude that postu-
lates about the groundstate behaviour or postulates about the scalar product are equivalent and can be
replaced mutually. Due to the discussions given in this paper it seems that postulates about the ground-
state are more powerfull and physically transparent. Therefore, in the following we shall prefer to define
the scalar product by groundstate postulates. — Finally we discuss the connection to Heisenberg’s dipole
ghost theory. In this theory in a first approximation the two-point vacuum function is assumed to have a
discrete spectrum with an indefinite spectral function. Interpreting this function in the way performed
here, the groundstate behaviour has to be described by a discrete generalized free field consisting of a free
nucleon field and a dipole ghost pair. Due to the properties of the spintensor (3.10) for a proper state
representation the negative norm of one of the ghostparticles results not from an indefinite spectral func-
tion, but from being a tachyon state of mass zero. So the functional scalar product postulated in pre-
ceding papers is essentially adapted to this very simple groundstate model of the Heisenberg theory.

4. Generalized Free Field Dressed Groundstate Model

As has been emphasized in the first section a solution of Eq. (2.16) is only possible if one is able to
derive an equation for the calculation of the kernel. On the other hand the kernel of (2.16) is meaningless
as long as the normal ordering procedure is defined only by the transformation (1.20). The remove this
difficulty additional assumptions are required. The simplest model in this respect is the generalized free
field model with bare groundstate. While the generalized free field representation (3.4) allows an indepen-
dent definition of normalordering the bare groundstate leads immediately to the representation (3.6)
(3.7) (3.8) which can be evaluated exactly. In this section we also use the generalized free field represen-
tation (3.4) of the spinor field operator (with respect to the vacuum-properties of the nonlinear spinor
theory) but give up to the bare groundstate assumptions. Then the representation (3.6) (3.7) (3.8) of the
kernel breaks down, and the kernel has to be calculated again. To do this we define

- (xl...:t,,|§1'...;:,,,'): =(0]: Po(z)) ... P(2a):: P (2))... ¥p, (Tm):]0) (4.1)

@y an P1
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and simplify the following calculations by using the diagonal approximation of (1.24) namely

o 0 ’ ’ o1 it A, bn, ’ ’
Gi(j) = ”Zf(pzn (21 .2 |2, ...;rn) | Duly ... 24)) {Dylzy ... .24) | A%y ... d4x, Aoz, ... A%, . (4.2)

an 1

Due to (3.4) normal ordering of (4.1) is possible leading to

n-1
‘pgn (G M l xll Ty ) = 20 . > . F(z; zjx,) cee F(xiaxj:) Pin-2a (ByeecBas jroeejo) (4.3)
B o A

where F (2,2 )is the two point function of the nonlinear spinor theory in the representation (3.4) and
@-24(iy -+ -1y ji.--j.) means the completely normalordered expression of (2n—2a) spinorfield oper-
ators with the coordinates {z;, 2/, 1 <k<n, 1 <I<n, k+i;...4i,, l+j;...j.}. Considering the
time ordered Schwinger functional state | ¥ (j, 0) ) for the vacuum by (3.4) the normalordered functional
| §(j,0)) of the vacuum follows exactly from (1.20). Independently of any special representation of
the spinor field operators for | X (j,0)) a functional equation can be derived, leading by (1.20) to a
functional equation for IQ(]', 0) ), which can be written formally

0(j,d)| 2(j,0)) = | 2(j,0)) (4.4)
with
|96,0)):= 3 ¢ (1. 23m) | Dan(ay .. )) ... oy (4.5)

if one uses the functional integration procedure of Dammeier 5. It is a question of field theoretic self-
consistency wether the functional Eq. (4.4) can be solved under the subsidiary condition (3.4) or not.
We shall discuss this at the end of this section. For the following calculation we tacitly assume this
selfconsistency to be satisfied. Then Eq. (4.4) can be integrated according to 6. Introducing projections
operators by

P, |B(j,0)) =| 8;(j,0)); II,|D(j,0)) =|2:(j,0)) (4.5)
with | D(j,0)) =] Dy(j,0)) +| D,(j,0)), where | Dy(j,0)) represents the two point function func-

tional, one obtains from (4.4)

x [(1-P,0P,) —P,(1-0) II,(1-II,0 II,) " II,(1-0) P,]|Dy(j,0))=0 (4.6)
an
] Qr(ja 0) ) == = (1 - II20H2) = H2(1 _0) P2| ¢2(ja 0) ) . (4'-7)
Representing the two point functional by
| 2(7,0)): =1 @22 (21 7) | Da(2122) ) dey by (4.8)
ay Qas

we assume (4.6) to be solved and identify F(z,2") = ¢, (2,2"). Then we have to consider only relation

(4.7). Performing a Neumann expansion of the kernel of (4.7) we obtain for the normalordered functions
of (4.5)

(pgn (xl .o .xQn) = IZO(—].)Z+1 (Dgn(xl oo xgn)](ﬂzoﬂg)l(l —0) P2] @2) . (4‘.9)
Defining the kernel
Kon(2y...2, |2 .. 7)) (4.10)
=) n-2
=l_20(—1)’+1 20 iz {(xilxi;,)“-F(xiaxj:) (Don_24 (g« otafy oo+ ja) | (T3 0 II,) (1 — 0) Py | By)
g

by substitution of (4.9) into (4.3) the relation

¢gn (zg.. .28 l xl, e xn,) =Kon(2y...2, xl, cee xn,) +i Z _F (, xill)' .. F(xinxi:’) (4.11)
asild

e
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results. The last term in (4.11) can be identified with @3] as it is just the vacuum expectation value of
the generalized free field (2.20) with bare groundstate. Then Eq. (1.23) can be written in components
in the diagonal approximation (4.2)

Pty 2 |a) =L % (.. 20|20 2)) 0,7 (2 .. .2, |a) diz,” ... A%,
+[Kon(2y... 2o |2y .. %)) 047 (24 .. .2, | @) Az, ...d%, . (4.12)
Equation (4.12) can be solved by applying the J-transform. For this we define symbolically
Moy 2al@) i =mi (py .. Pa-t]La) s Muo (2 o2 |@) 1 =57 (g1 guot| 1) (413), (4.14)
and
M Koy oo n |2y oo o2 ) Pn ™= RonlprevePu-1 | Gioegn-v) (4.15)
Observing the results of the preceding section under the Mi-transform Eq. (4.12) goes over into
m," (py«+.Pn-1 | L) = o(py)...0(la—pn-1) $a"(Py - Pn-1 I 1,)
+ S Ron(Py-e Pa-1 g1 gno1) (g1 quo1]le) dgp. . dgu1 (4.16)
or
$a"(Pyev Pa-1]1a) = @7 1(py). .. 0 s —Pr-1) M (Py -+ Pu-1]|1a)

" S KouPyee Prct | GreneGnot) $a7(qyeeqnot]ls) dqy.. . dign_1  (4.17)
wit

k?n(IH---Pn—llQl---Qn—l): =07 1(py)...07 (Ig—pn-1) Ren (1 -+ -Pn-191-+-qn-1) .  (4.18)

Therefore, by this operation the first order integral Eq. (4.12) is changed into the second order integral
Eq. (4.17). Integral equations of the second order can be solved by standard methods at least formally.
So the Neumann series solution of (4.17) gives

$a’ Py -Pn-1]1a) (4.19)
=2 [Ken(pre-poot 1o gn0)' 07 (g0 07 Ta—quon) mal gy guos| 1) digy.. dign-y

and from this results the scalar product
<(z(]’ b) l@(]sa)> =<b[a> =08(I,—1,) % fmnr(P1---pn—1‘ij)x IE?n(pl---pn—l [q1---Qn—1)
07Ygy) e 0 (Iu—qn-1) M (qy--qn-1]1s) d*qy...d%,u_1 d%py...d*py1.  (4.20)

For practical applications it is convenient to postulate an appropriate two point function F(z,2") and to
calculate the higher point function subsequently by (4.9). Then the kernel (4.10) is well defined and can

be obtained by pure integrations. From this follows that also 122,2 is well defined and that (4.20) can
finally be evaluated directly.

As (4.20) shall be applied mainly to scattering problems the normalization and the scalar product for-
mation for ingoing or outgoing free cluster states is of interest. We give a short discussion of this prob-
lem by using the explicit state representation (1.6). Especially we consider a bound state defining a re-
lativistic cluster. For this relativistic cluster we introduce the cluster creation operator

A @) i= 3 [on(zy...70|a) T Wa(zy)... Voo () dizy . .. diz, (4.21)
n=0

and write
la) =A4%(a)]0). (4.22)

Due to (1.26) this creation operator can be expressed also by

A @)= 3 [ ol (@ 2| 0): Wolz)). .. ¥y (zn): dizy .. . diz, (4.23)
n=0
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and the connection between {¢,”} and {@,’} is given by the functional equation (1.23) with (1.24).
Denoting the cluster quantum numbers by {&®;} in ordinary Hilbert space a many cluster state is given by

[Ry...R):=A4%(R)...4*(],)|0) (4.24)
while in functional space we write by definition according to 6

| DG, R ... 8)):=A(KY)... A (K) | @) (4.25)

for the same cluster configuration. Then it can be verified easily, that in the diagonal approximation with
¥ (z) =z for brevity the relation

Pu @yt oo 2R Ry)e o 0, (5. .. | RE)
= JLO0l1o® ety %oes 2@ esth, S0 Et s vl T aond U oot 5 10} (4.26)
X0h (il e Yn| R0)o o0 (yiF o yk | 8) d“y{...d‘yfu

holds. We assume now that the different cluster are located at different regions in space as it is required
for the initial or final configurations of scattering experiments. This means |, — 5/ | > 1 and |,/ — Y,/ |
>1 with 1Z6,j<Fk 1Za<n;, 1Xf=<n;. Under this assumption the cluster decomposition
property can be applied 7 leading to the separated systems

@n, (21t o 2h | R) =S O, (2. 2k |yste o gh ) oh, (yet.. v, |R) diyf...d%h . (4.27)

1 < i < k. But these systems are just the normalization conditions for the single cluster states. Thus a
general many cluster state of asymptotic distant clusters is normalized if its single components are nor-
malized, and the normalization condition for many cluster states does not lead to new complication. Due
to their localization the cluster states are wave packets. Therefore, they are not in a momentum represen-
tation and the scalar product of cluster states is more sophisticated. But this we will not discuss here in
details as in principle this is treated in the theory of asymptotic states by Haag 18.

Finally a remark about the selfconsistency problem has to be made. It has been already stressed that,
if the normal transformation is defined only by (1.20), it cannot be applied to expressions like (1.5) or
to the further reduction of (4.1). On the other hand the explicit calculation of states is inavoidable, and
an indispensible condition is just the further reduction of (4.1). This can be performed only if normal-
ordering can be defined independently of (1.20). The only way of doing this is to make additional as-
sumptions about the spinor field operator. But these assumptions have to be in accordance with the general
dynamical equations of the theory, namely the functional equations for the functionals | ¥ (j, b) ). As it is
assumed that the vacuum expectation values suffice for securing the existence of the underlying field theory
one has to conclude that the dynamical equations for the functionals | (j, b)) are satisfied selfconsis-
tently if this is true for the | T (j, 0)) functional. Therefore, in proving selfconsistency one can restrict
oneself to discuss | X (j,0)) and its equations. Assuming an expansion like (3.4) for the field operator,
the only quantity which can be varied freely is the scalar spectral function ¢(m). On the other hand the
complete functional Eq. (4.4) has to be satisfied. It is obvious that in general the function o(m) will not
suffice to achieve this. Therefore, a more flexible ansatz has to be made. This ansatz has to secure the
possibility of normalordering as well as the selfconsistency of (4.4). Assuming instead of (3.4) the gen-
eral functional connection

o /9' ﬂ’l
Y. (x) = 21 JCyy...yam?®. ... m2) s (yyms?)... ¥y, (ynmy2) dYyy...d%, dm2...dm,2  (4.28)
n= a

one can hope to satisfy simultaneously both conditions. But obviously by using a nonlinear functional
for the connection between the generalized free field operators and the spinor field the calculations will
turn out to be very trouble-some and the proof of selfconsistency seems although possible to be very
hard. Therefore, functional quantum seems to be the appropriate approach to the problem as in this ver-
sion the selfconsistency proof is not required at the beginning.
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